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Non-unitary evolution can give rise to novel steady states classified by their entanglement properties. In
this work, we aim to understand its interplay with long-range hopping that decays with r−α in free-fermion
systems. We first study two solvable Brownian models with long-range non-unitary dynamics: a large-N SYK2
chain and a single-flavor fermion chain and we show that they share the same phase diagram. When α > 0.5,
we observe two critical phases with subvolume entanglement scaling: (i) α > 1.5, a logarithmic phase with
dynamical exponent z = 1 and logarithmic subsystem entanglement, and (ii) 0.5 < α < 1.5, a fractal phase
with z = 2α−12 and subsystem entanglement S A ∝ L
1−z
A , where LA is the length of the subsystem A. These two
phases cannot be distinguished by the purification dynamics, in which the entropy always decays as L/T . We
then confirm that the results are also valid for the static SYK2 chain, indicating the phase diagram is universal
for general free-fermion systems. We also discuss phase diagrams in higher dimensions and the implication in
measurement-induced phase transitions.
Introduction. – Unveiling new phases and novel dynamics
of quantum many-body systems is one of the most important
subjects in condensed matter physics. Recent developments
find that a new paradigm exists when we consider non-unitary
evolutions. It is found that for a “hybrid” quantum dynamics
composed of both unitary evolution and projective measure-
ment, if we follow the quantum trajectories, the steady state
exhibits a transition between a volume-law entangled phase
and an area-law entangled phase by varying the measurement
strength [1–18]. Later studies show the entanglement transi-
tions also appear in more generalized non-unitary evolutions
[19–24]. In particular, in free-fermion systems, under non-
unitary random evolution, there is a stable critical phase, in
which the steady state has power-law correlation functions
and logarithmic entanglement entropy [18, 25–31], with pos-
sible entanglement transitions into area-law phases [29]. This
criticality is attributed to the existence of Goldstone modes
from the spontaneous breaking of the continuous symmetry in
the enlarged replicated Hilbert space [18, 28, 29].
Most of these studies focus on quantum systems with local
interactions. However, most of the state-of-the-art experimen-
tal platforms to simulate the quantum many-body dynamics
contains intrinsic long-range interactions. For example, the
ultracold atoms in the optical lattices interact with a Van der
Waals potential ∼ 1/r6 and the dipole-dipole interaction in
the NMR system decays even slower ∼ 1/r3. These long-
range interactions can significantly change the ground state
property and the quantum dynamics under unitary evolution.
For example, the Lieb-Robinson bound in local spin chains
can receive non-trivial corrections, giving rise to rich light-
cone structures depending on the strength of the interaction
and the local Hilbert space dimension [32–38]. Consequently,
it would be interesting to generalize the above studies to hy-
brid quantum dynamics and explore the interplay between the
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FIG. 1. Schematics of (a). The long-range non-hermitian SYK2
chain, (b). Single-flavor chain with imaginary on-site potential, and
(c). The phase diagram valid in both models, including the Brownian
or the static case, regardless of the local Hilbert space dimension.
cently, there are numerical simulations of long-range interact-
ing [39, 40] or non-interacting [40] systems under non-unitary
evolutions.
In this letter, we present a detailed study on non-unitary
free-fermion systems with long-range hopping Jr ∝ 1/rα,
where r labels the distance between two sites. We investigate
this problem by constructing two solvable models in 1-D: the
quadratic Brownian Sachdev-Ye-Kitaev (SYK) chain [41–52]
with N → ∞ fermions per site, and a single-flavor N = 1
Brownian chain. The non-unitary dynamics in these models




























large−N limit, or the nonlinear master equation for small N.
We find that all results match in these two models, indicating
the physics is independent of the local Hilbert space dimen-
sion. For α > 0.5, they show critical behavior and can be
further separated into two phases (see FIG. 1). For α > 1.5,
the long-range hopping decays rapidly enough and the result
is the same as the short-range hopping case with dynamical
exponent z = 1 and logarithmic entanglement entropy. For
0.5 < α < 1.5, the system is in a fractal phase [21] with sub-
system entanglement S A ∝ L1−zA , where LA is the length of
the subsystem A and z = (2α − 1)/2. We further confirm that
the same result holds for static SYK2 chain and we propose
the phase diagram to be universal for generic non-unitary ran-
dom free-fermion systems. We also analyze the purification
dynamics, where we find the entropy of the system decays as
L/T for any arbitrary α.
Large-N Model. – We first consider the long-range non-
Hermitian SYK2 chain with N Majorana fermions on each site





































Here i, j = 1, 2...N labels the Majorana modes on each site
and r labels the hopping distance. J̃xi j, J
x,x+r
i j , V
x,x+1
i j and Ṽ
x
i j are
independent random Gaussian variables with zero expectation
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For simplicity, we set Jl = J0. The static correlation case will
be discussed later.
We are interested in analyzing the steady state under non-
unitary evolutions. The system is prepared in some ini-
tial state |ψ0〉. At time t, the unnormalized wave function
evolves as |ψ(t)〉 = e−iHt |ψ0〉. Here we keep any time-ordering
operator implicit. Previous studies [28, 29] show Keldysh
squared correlators and the second Rényi entanglement en-
tropy are two useful quantities for understanding the under-
























For the entanglement entropy, we choose a subsystem A with
length LA. The purity of the subsystem A reads
PA = trA(ρA)2 =
trA
(






where trA/B denotes the partial trace of subsystem A or B,
and the second Rényi entropy can be obtained as S (2)A (t) =
−log PA(t).
Using the fact that the saddle-point solution in the large-N
limit is the disorder replica diagonal in the SYK-like models
[42, 53, 54], both F [28] and S (2)A [26, 29, 55–62] can be ex-
pressed as a path-integral with two replicas. We begin with the
evaluation of (〈ψ0| eiH
†te−iHt |ψ0〉)2. The contour contains four
branches (labeled by 1-4), with two forward evolutions (1, 3)
and two backward evolutions (2, 4). Here 1 and 2 (3 and 4)












































Here a, b = 1-4 label different branches. Similar to the short-
range hopping case [28], the action exhibits O(2)×O(2) sym-
metry G → OGOT and Σ → OΣOT with O = exp(−γ13θ13 −
γ24θ24) and (γcd)ab = δacδbd − δbcδad.












We also have Ga,bs = G
a−2,b−2
s for a, b = 3, 4, while other




2α). When α < 1/2, the summation diverges
and we need to scale J0 with system size L to obtained a
meaningful thermodynamical limit. This indicates the sys-
tem becomes all-to-all connected, similar to the single SYK2
model with NL Majorana modes, and the steady state has
volume-law entanglement regardless of the strength of the V0
[55, 58]. For α > 0.5, we are able to perform the summation
as Γ = V0 +V1 + J0(1+ ζ(2α)), where ζ(x) is the Riemann zeta
function. We will focus on this case in the following discus-
sions.
Effective Action. – The saddle-point solution Gs breaks the
O(2) × O(2) symmetry down to O(2). Consequently, the fluc-
tuation around the saddle-point contains a gapless Goldstone



















where the dispersion ε(k) is defined as





(1 − cos(rk)). (8)
Here we have set lattice constant al = 1. To determine the low-
























FIG. 2. A sketch for the spin configuration (θ is the angle respect
to the x-axis) that contributes to the calculation of (a). the second
Rényi entanglement entropy on the steady state, (b). the purification
dynamics. The cross represents the insertion of the twist operators.
k  1. Two possibilities exist depending on α:
ε(k) =
(V1 + J0ζ(2α − 2))k2/2 for α > 1.5,−J0 cos ( 12π(1 − 2α)) Γ(1 − 2α)k2α−1 for α ≤ 1.5.
(9)
This can be understood by expanding (1 − cos(rk)) ≈ k2r2/2
and realizing the summation is convergent only for α > 1.5.
The asymptotic behavior of ε(k) directly determines the dy-
namical exponent z. We have z = 1 for α > 1.5 and z = 2α−12
for α ≤ 1.5.
Now we use the effective action (7) to compute the Keldysh
squared correlator F and entanglement entropy S (2)A . On the
replicated contour, F corresponds to a four-point correlator of
fermions, and thus a two-point function of collective fields θ.
More precisely, we have [63]







Here we have dropped non-universal factors.
For the entanglement entropy S (2)A (T ), the path-integral con-
tour (4) is defined with additional twist operators at t = T , as
shown in FIG. 2 (a). In terms of θ, this corresponds to fixing
the boundary condition θ(T, x ∈ A) = π/2 and θ(T, x ∈ B) = 0
[28, 29], which creates a pair of half-vortexes, separated by
a distance LA. S
(2)
A is equal to the excitation energy of this





. Here ϕ(x) is defined by
∇ϕ = N∂tθ/4V , which shifts the value of θ(y) for y < x. The
effective action of ϕ can be determined by introducing a La-
grangian multipler r to impose the relation ∇ϕ = ∂tθ and then
integrate out θ and r. Working out the details [63] gives





eikLA ∼ NL1−zA . (11)
For z = 1, this should be understood as log LA. We find for
0.5 < α < 1.5, the system is subvolume-law entangled. This
is called the fractal phase in [21]. It is straightforward to ex-
tend the above discussion to compute the mutual information
between two small subregions separated by distance d. The
result is I(2)(d) ∼ 〈∇ϕ(d)∇ϕ(0)〉 ∼ Nd−z−1, which matches the
scaling of the squared correlator F.
It is also interesting to ask about the purification dynamics
[8] in the free fermion system and check how long it will take
to purify the system [64]. We prepare the system in the maxi-
mally mixed state and evolve it under the non-unitary dynam-
ics for time T . The second Rényi entropy S (2)(T ) of the full
system then corresponds to computing the energy of the θ field
with a boundary condition θ(t = 0) = 0 and θ(t = T ) = π/2.
The dominant contribution is shown in FIG. 2 (b), where the
spins rotate smoothly from 0 to θ/2, without any excitations
in the spatial direction. This immediately suggests the purifi-
cation process is insensitive to the range of the interaction.
Explicitly, we have S (2)(T )/N ∼ T L × 1/T 2 ∼ L/T and the
purification time ∼ O(L) for any arbitrary α ≥ 0.
Single-flavor Model. – Now we ask whether our results de-
rived in the large-N limit hold for systems with small local
Hilbert space dimension. To answer this question, we intro-











The first term describes the long-range hopping and the sec-
ond term is an on-site imaginary potential. Similar to the SYK
case, Jx,r+x and κx are Brownian variables with variance
Jx,x+r(t)Jx,x+r(0)∗ = Jlδ(t), κx(t)κx(0) = κδ(t). (13)





|ψ(0)〉, with Z = 〈ψ(0)|eiHte−iHt |ψ(0)〉, (14)
where the initial state |ψ(0)〉 is chosen as a product state
in the real space. It is known that under the non-unitary
quadratic evolution, |ψ(t)〉 remains a fermionic Gaussian state
[66] and all information is encoded in the correlation function
Cxy(t) ≡ 〈ψ(t)| c
†
xcy|ψ(t)〉. For the Brownian model, it is useful






L , when n = 0∑
x
|Cx,x+n |2+|Cx,x−n |2
L , when n > 0
. (15)
As in [25], fn>1 approximately satisfies a set of non-linear



























Here the first line is the contribution from the Hermitian
Brownian hopping and describes a Lévy flight process, and
the second line is the contribution from the random imaginary
fields [63] and is non-linear. The first term µn = µl/n2α is a
source term which captures contributions from the diagonal




















































































FIG. 3. Numerical results obtained by solving the nonlinear master
equation (16) with µl = Jl = 1/ζ(2α). We take t ∈ [60, 800] with a
cutoff at n = 1000. The slopes for the curves in (a) and (b) are -1.1
and -1.7 respectively. The results show the validity of the scaling
form (19).
We aim to understand the dynamics and the long-time be-
havior of (16). In the short-range hopping limit where Jx,x+r =
0 for any r ≥ 2, it is known that the steady state has fn ∼ 1/n2
and the dynamical exponent z = 1 [25]. Now we turn on the
long-range hopping term. Since the Lévy flight is equivalent
to a diffusive random walker when α > 1.5, we expect that the
entanglement/correlation dynamics is the same as the system
with only local hopping term. In this regime, the diffusive
term is much slower than the non-linear terms in the master
equation and can be safely removed when we analyze the dy-
namics of the master equation [25].
To determine the physics with α < 1.5, we first consider the
steady state where d fn/dt = 0. The R.H.S. of (16) contains
three terms. The contribution from µn is proportional to 1/n2α.
Assuming fn ∼ 1/nδ, the contribution from the Lévy flight




(2 cos(r∂n) − 2) fn ∼ ∂2α−1n fn ∼ 1/n
δ+2α−1, (17)
and the contribution from the imaginary potential gives∫
dm fm(2 cos(m∂n) − 2) fn ∼ 1/n2δ−1. (18)
The steady state is achieved when the contribution from the
imaginary potential balances the contribution from µn. This
gives δ = 2α+12 . For this to be valid, we need δ + 2α − 1 > 2α,
which is satisfied for any α > 0.5. This guarantees that the
Lévy flight terms have larger power-law exponent compared
with other two terms and can be safely neglected. Assuming
the entanglement is contributed by EPR pairs with length dis-
tribution described by fn [30], we can perform a double inte-
gral over it to obtain the entanglement entropy S (2)A ∼ L
(3−2α)/2
A .
All these results are consistent with the SYK calculation in the
large-N limit.
Now we turn to the determination of the dynamical expo-
nent z in the regime 0.5 < α < 1.5. At long but finite time t,
we expect fn takes the scaling form:
fn(t) = t−ηF(n/t1/z). (19)
Taking the infinite time limit, we should have
fn(t → ∞) ∼ t−η(nt−1/z)−ηz ∼ n−ηz. (20)
Consequently, we have the constraint ηz = δ = 2α+12 . To deter-
mine z, we plug the scaling form (19) into equation (16). It is
straightforward to confirm that d fn/dt balances the non-linear
convolution term from the imaginary potential [67]. We have
d fn/dt ∼ 1/tη+1 and∫
dm fm(2 cos(m∂n) − 2) fn ∼ 1/t2η−1/z. (21)
We conclude 2η − 1/z = η + 1 and thus z = 2α−12 . This again
matches the large-N result. To verify the scaling form (19), we
numerically solve the differential equation (16). The results
are shown in Fig. 3, from which it is clear that we have z = 1
for α > 1.5 and z = 2α−12 for 0.5 < α < 1.5, consistent with
our analysis [68]. In particular, we find that the Lévy flight
terms can be disregarded (set Jl = 0) and does not change the
dynamics and the steady state, the same as the master equation
with local diffusion term [25].
Static Hopping Case. – Now we examine whether our
phase diagram works for time independent Hamiltonian. The





















This model can also be analyzed similar to the Brownian case
[63]. The main difference is that now the effective action con-
tains copies of Goldstone modes because of the enlarged sym-
metry due to the time translation symmetry [28]. For each
copy, its effective action takes the same form as (7). Conse-
quently, the scaling of the F in (10), the scaling of S (2)A in (11),
and thus phase diagram in FIG. 1 are still valid. We also nu-
merically study the static version of N = 1 single-flavor model
in (12). Here we take hermitian long-range hopping terms to
be time independent while keeping the imaginary potential to
be random in the time direction. We manage to numerically
reproduce the same result for α > 1.5 [63]. Putting all results
together, we conclude our phase diagram FIG. 1 is universal
for both Brownian and static models, regardless of the local
Hilbert space dimension.
Discussions. – In this work, we consider the long-range
non-unitary random dynamics in free-fermion systems. We
analytically show that both the large-N Brownian/static SYK2
5
chain and the single-flavor Brownian model exhibit a logarith-
mic phase for α > 1.5 where entanglement is logarithmic in
subsystem size, and a fractal phase with 0.5 < α < 1.5 where
the entanglement is subvolume-law. We also show that these
two phases cannot be distinguished by the purification dynam-
ics. We expect that the phase diagram is universal for general
non-interacting random fermionic systems under long-range
non-unitary dynamics.
We finally make a few comments. Firstly, it is interesting to
extend the discussions to general spatial dimension D. For the
SYK2 model, this just corresponds to changing the summa-
tion over r in (8) to a D-dimensional integral. Consequently,
for α > 2+D2 we have a phase with z = 1, F(x) = 1/x
D+1
and S (2) = LD−1A log LA, while for
2+D
2 > α >
D
2 , we have
z = 2α−D2 , F(x) = 1/x
D+z and S (2) = LD−zA . Secondly, in
[29], authors study the measurement effect on SYK chains by
introducing models with two copy of chains with interchain
coupling µ. We can construct a similar model with long-
range hopping terms. When α > 0.5, a transition between
the fractal/logarithmic phase and the area law phase occurs at
µ = J0(1 + ζ(2α)), similar to the observed phase diagram in
[40].
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came aware of an independent investigation of entanglement
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Universal Entanglement Transitions of Free Fermions with Long-range Non-unitary Dynamics
In this supplementary material, we present: 1. The derivation of the effective action and the calculation of the entanglement
entropy in the Brownian SYK chain, 2. The derivation of the non-linear master equation for the single-flavor fermion chain, 3.
Results for the numerical simulation for single-flavor fermion chain.
EFFECTIVE ACTION AND ENTANGLEMENT ENTROPY FOR THE BROWNIAN SYK CHAIN

















































′) = V1δ(t − t′)
Gabx+1(t, t










′) + Gabx−r(t, t
′)
2
+ V0Gabx (t, t
′) − J0(−1)a+bGabx (t, t
′).
(24)
The solution of the equation is translational invariant along space or time Σabx (t, t
′) = Gabs (t− t
′). In fact, it takes exactly the same








We also have Ga,bs = G
a−2,b−2
s for a, b = 3, 4, while other components of Gs are zero. The effective action can be derived by
consider fluctuations around the saddle-point,
Σ(t1, t2) = Σs(t1, t2) + δΣ(t1)δ(t12), G(t1, t2) = Gs(t1, t2) + δG(t1, t2), (26)
and keep everything to the quadratic order. We will focus on components between two replicas. There are contributions from
the tr log term, the ΣG term, and the G2 terms. Comparing to the short-range hopping model [28], the only difference is from the






















Vk(φ1,kφ1,−k + φ2,kφ2,−k) − Jk(φ1,kφ1,−k − φ2,kφ2,−k)
)
. (28)
Here Vk = V0 + V1 cos(k), Jk = J0(1 +
∑













Γ − Jk + Vk −iω
























The squared correlator F corresponds to the two point function of φ1 [28]. In the low energy limit, the equation of motion of
φ1 gives 2Vφ1(ω) ≈ −iωφ2(ω). This justifies the calculation of F in the main text.
For computing the entanglement entropy, as explained in the main text, we introduce Lagrangian multiplier rω(Ω, k) to impose









|θω(Ω, k)|2 + rω(Ω, k)(kθω(Ω, k) + NΩϕω(Ω, k)). (31)












NON-LINEAR MASTER EQUATION FOR THE SINGLE-FLAVOR MODEL
Now we present the derivation of the non-linear master equation for the single-flavor model. The derivation also follows the
short-range hopping case studied in [25].
We first write out the equation satisfied by the correlation matrix Cxy. Since the model is Brownian, we can obtain the
evolution of |Cxy|2 by using the Itô calculus. The derivation is tedious but straightforward [25]. Here we only cite the result. The










|Cy+r,x|2 + |Cy−r,x|2 + |Cy,x+r |2 + |Cy,x−r |2 − 2δx,y+rCy+r,y+rCy,y − 2δx,y−rCy−r,y−rCy,y


























To study the dynamics of fn, we rewrite Eq.(33) and Eq.(34) in terms of fn. Note that this is only possible under certain
approximations. The Hermitian part Eq.(33) contributes a term
∑
Jl( fn−r + fn+r − 2 fn)/r2α. In particular, for n = r this leads to
a production of long-range correlation directly from the on-site correlation. For Eq.(34), we follow the discussion in [25] and
throw away terms Cy,mCm,xCx,y and Cy,mCm,xCm,mCx,y when m , x or y. The contribution from the on-site imaginary potential








m=1 fm fn−m. Summing up these contributions, we




























We first consider the static SYK chain with long-range non-Hermitian Hamiltonian. The self-consistent equation for the






























For the saddle-point solution with translational symmetry Gabx = G
ab
















together with G22s (t) = −G
11
s (t) and G
21
s (t) = −G
12
s (t). Here we have defined V
2 ≡ V20 + V
2
1 and





= J20(1 + ζ(2α)). (38)
















































Expanding Gabx (t, t
′) = Gabs (t, t
′) + δGabx (t, t
′). We again focus on fluctuations involving two replicas {δG13, δG14, δG23, δG24}






(δG13 ± δG24, δG14 ± δG23) as in [28]. Keeping to the quadratic order as in the Brownian case, we










 2V2 i(J2+V2)3/22J2 Ω
−
i(J2+V2)3/2
2J2 Ω −ε(k) +
(J2+V2)2Ω2
8J4













2 + k2α−1, (41)


















This is the same for as the Brownian case, with an additional label ω for different Goldstone modes. Here we should treat Ω as
the frequency in the Brownian case. Consequently, the scaling of the squared correlators and entanglement entropy should be
the same as the Brownian model.
NUMERICAL SIMULATION FOR N = 1






Here Uτ = exp(−iHRτ) represents the evolution governed by a long-range hopping Hermitian Hamiltonian HR and and Uβ =





|ψ(0)〉, with Z = 〈ψ(0)|U†U |ψ(0)〉, (44)
where the initial state |ψ(0)〉 is chosen as a product state in real space. If HR and HI are both quadratic Hamiltonians, |ψ(t)〉







FIG. 4. The numerical results at α = 1.8 with periodic boundary condition. All the results presented here are averaged over large number of
samples. (a) The steady state second Rényi entropy for various non-unitary dynamics. For the blue curve, Jx,r+x is a time dependent random
variable with the distribution function described by (47). For the red curve, Jx,r+x is a time independent random variable with the distribution
function described by (48) with p = 0.5. For the yellow curve, Jx,r+x = 1 and HR has no randomness in it. (b) The steady state squared
correlator for various non-unitary dynamics. The color of the curves are the same as that in panel (a). The purple curve is proportional to
1/ sin2(πr/L). The blue, red and yellow curves are all parallel to the purple curve, suggesting that the squared correlator decays as 1/r2 in all
these three models. (c) The data collapse of the squared correlator on the log-log scale. The curves at different times collapse into a single
curve, suggesting that z = 1. (d) The blue curve is the half system S 2 vs log T − 3 and the red curve is the steady state S 2 vs log LA. These two
curves have the same slope, suggesting that z = 1.

















δ(κx(t) − 1) +
1
2
δ(κx(t) + 1). (46)
For the variable Jx,r+x, we consider two versions: the stochastic and static.




δ(Jx,r+x(t) − 1) +
1
2
δ(Jx,r+x(t) + 1). (47)
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FIG. 5. The purification dynamics of non-unitary random dynamics. We take three different unitary evolutions Uτ and we show that the
entropies of the system all decay as 1/T .
The numerical results for α = 1.8 is shown in Fig. 4. We show that this model has dynamical exponent z = 1 and the final steady
state has S 2 ∼ log LA and C(r) ∼ 1/r2. We also take HR to be a time independent Hamiltonian with Jx,r+x satisfying
P(Jx,r+x) = pδ(Jx,r+x − 1) + (1 − p)δ(Jx,r+x + 1). (48)
We present the steady state results for p = 0 and p = 0.5 in Fig. 4 (a) (b). Notice that when p = 0, HR is a clean system without
disorder. They all have the same scaling behavior as the stochastic version. We also try other α > 1.5 and we obtain the same
results. These numerical simulation results suggest that the discrete dynamics has the same result as the Brownian dynamics we
discussed in the main text in the regime α > 1.5. However, we are unable to obtain consistent numerical results for α < 1.5 due
to strong finite size effect with L = 1000.
Purification dynamics
We also take the initial system A as a density matrix and study how fast it can purify under non-unitary random dynamics. We
take the unitary dynamics Uτ to be random in the spatial and time direction and HI to be a stochastic random potential term. We
consider three different cases for unitary dynamics : a local Hamiltonian for HR, a single-particle Gaussian orthogonal ensemble
(GOE) random matrix for HR and single-particle Haar random matrix for Uτ. As shown in Fig. 5, in all these cases, the system
A has the second Rényi entropy S A ∼ 1/T , regardless of the locality structure of Uτ.
